Abstract. In this work we present an extension of the Lüscher formalism to include the interaction of particles with spin, focusing on the scattering of two vector particles. The derived formalism will be applied to Scalar QED in the Higgs Phase, where the U(1) gauge boson acquires mass.
Introduction
The study of scattering in Lattice Field Theory starts with the original work of Lüscher [1] . In this first work, he derived equations for the scattering length and phase shift of spinless particles in the rest frame. The formalism has been extended to include moving frames [2] , π − N scattering [3] , N − N scattering [4] , different masses [5, 6] , moving frames with different masses and one particle with spin 1/2 [7] and any multichannel system with arbitrary spin, momentum and masses [8] .
In this work, we derive a general Lüscher equation for scattering of particles with arbitrary spin through the matching to a non-relativistic effective theory. The results obtained here are in agreement with Ref. [8] . We will focus on the case of two identical vector particles and we will make use of the spatial symmetries of the lattice to factorize the Lüscher equation. By means of operators that transform under a certain irreducible representation of the spatial symmetry group, we gain access to the different phase shifts of the theory. The equations will be tested in Scalar QED, for which first numerical results will be shown.
Scattering of two vector particles

Derivation of Lüscher Equation for Arbitrary Spin
Let us consider a system of two particles with masses M i , i = 1, 2 and described by the effective non-relativistic Lagrangian:
Here, φ i are the non relativistic fields with spin s i and
The corresponding nonrelativistic propagators, with
Speaker, e-mail: rlopez@hiskp.uni-bonn.de where q = µ 2 q 1 − µ 1 q 2 , as in Equation 6 . A key point here is that the elementary bubble is diagonal in spin, because also the single particle propagators are. However, the scattering amplitude need not be diagonal. Now define the projectors to the partial waves in the CM frame, whose momenta are k * :
where U S νρ (k * ) is the unitary transformation of the spin indices under a boost and the spin spherical harmonics, withk = k/|k|, read
Using the projectors, Equations 7 and 8 take the form
If the system is placed in a box, the integral may be replaced by an sum:
and by plugging Equations 13 and 14 into Equation 9 on the mass-shell, one arrives to
with s = P 2 and S B being the spin of the multi-index B as in Equation 11 . Now, using unitarity of the transformation of the spin indices, one arrives at
This matrix can be related to its equivalent for scalar particles by using Equation 12:
where we used the identity [5, 9] (with q = q 1 − µ 1 P)
kept only the divergent part (first term in Equation 19) and used (q
. This way, and up to exponentially suppressed terms (q * → k * ), M lm,l m is given by (see [5] )
where
with n ∈ Z. One can see that Equation 16 is a matrix equation, and the poles in t A A arise when
where it is already implied that J and µ are conserved in scattering processes in infinite volume and mixings can be present in l and S , h JlS µ,J l S µ = h A system of two identical vector particles can couple to total spin S = 0, 1, 2. Even spin combinations are symmetric under the exchange of two particles, whereas odd combinations are antisymmetric. The same holds for the angular momentum L. The possible combinations of S and L to J P respecting the Bose statistics (totally symmetric state) are listed in the Table 1 . The combinations that have mixing are in the same column in the table and correspond to same J P but different L, S .
{2, 2} {2, 0},{2, 2},{2, 4} Table 1 . Possible values of J P with J < 3.
The possible mixings can be parametrized with a mixing angle and two eigenvalues. This would be analogous to the parametrization of the mixings for two nucleons in Reference [10] .
For the scattering of two spinless particles, it is well known that the phase shift can be parametrized as a polynomial of k 2 . Such an equivalent parametrization can be derived here as well:
Reduction of Lüscher Equation
The basis vector labeled by α of a symmetry group G, in a certain irreducible representation Γ, are constructed (up to normalization) applying the projector
to the basis vectors in the continuum, |J, S , l, µ , for a fixed β and µ:
where n labels the number of occurrences of Γ in J, l. In the previous equationsD 
where the coefficients c Moreover, the matrix cot δ has to be brought to the same basis as M:
The coefficients c
Γnα
Jlµ just depend on the total angular momentum J and the behaviour under spatial inversions (−1)
l . Moreover, mixing can only occur between states with same J and (−1) l , so the sum over the index µ yields either 1 or the matrix cot δ is trivially zero due to the symmetry considerations. Spin does not enter here at all, because it does not influence the coefficients. This way, (cot δ) Γ JlS n,J l S n is diagonal in J and n and the determinant factorizes:
Toy Model: Scalar QED
In order to test the formalism, we use Scalar QED with a Higgs mechanism, since the vector state needs to be massive. The continuum Euclidean Lagrangian of such a theory reads
The discretized action is (See [11] )
with
The basic operators for the scalar and real particle are
respectively. Notice that the second one is highly non-local, since this have been seen to improve significantly the signal. In particular, with the vector operator, one can build one and two particle operators that transform under certain irreducible representations of the spatial symmetry group, in rest and moving frames. A one particle operator transforming under a certain irrep Γ with invariant momentum under the spacial symmetry group p ∈ G can be built from an arbitrary operator O(x, t) as follows:
Equivalently, for a two particle operator:
where p is the total momentum that belonging to the spatial symmetry group G, q is a relative momentum that the two particles have and O(x, y, t) is an arbitrary two particle operator.
We use five different parameters for L = 12 and for one parameter set L = 12 and L = 16 (see Table  2 ). In Figure 1 (a) we show the dependence of mass of the vector particle on the length of the operator in Equation 38 for ensemble A12. The results show a clear improvement of the signal with non-local operators. When using moving frames, the best signal is empirically seen at N = L/(d + 1), being d the units of momentum in that particular direction. Moreover, we study the mass of a single vector and scalar particle in the L = 12 volume for the different bare parameter sets (Figure 1(b) ). In the continuum, the bare masses of the particles are m . The mass of the vector is suppressed by g and λ c , and it seems logical that it is much smaller than the scalar mass. However, it is not clear why the scalar mass duplicates with increasing κ, whereas the vector mass increases slightly. Naïvely, the increase of the vector mass should be enhanced by the reduction of λ c with increasing κ, but there seems to be some non-trivial behaviour.
The energy difference ∆E is defined as the difference between the two particle energy on the lattice and the two particle energy in absence of interactions. In Figure 1 (c) we show the results for ∆E as a function of κ. For higher κ, the interaction generates scattering states (∆E > 0) with 2σ statistical significance. As κ becomes smaller, all particles become lighter and the interaction seems to flip sign. For the lowest values of κ, the two particle states are bound states (∆E < 0), with a similar statistical significance as in the other case. Unfortunately, in the transition region the statistical significance is rather small. Besides, we see the expected volume dependence in the energy shift, when comparing L = 12 with L = 16.
In addition, we show the results of the mass of a single vector particle for the different irreps in Figure 1(d) . The values for the different moving frames tend to always larger than the one in the rest frame. Since the correlation functions are fitted to include an excited state, a contamination of higher states is likely not the main reason. It is however true that from the correlation functions one obtains upper bounds for the energy, which might have an influence. In addition, the different irreps seem to split. In particular A 1 and E seem to differ by around 3σ.
Furthermore, in Figure 1 (e) we show ∆E for the ensemble A16 in the first moving frame. One can see how the different irreps split. With these values one can calculate phase shifts values (Table  3) . Finally, in Figure 1 (f) we show all our results for the phase shift with J P = 0 + . For the highest momentum shown, the ratio between the non-relativistic kinetic energy and the mass is quite large, E k m ≈ 0.8. Hence, the kinematic suppression of higher partial waves, though present, is not strong any more and a corresponding systematical error is to be expected. Still, it seems that the phase shift increases for the last points. If this increase is physical, it could correspond to a resonance around scattering momentum ak ≈ 0.18. Table 2 . Ensembles used for the simulations. The gauge coupling is kept constant, β = 2.5. Table 3 . Obtained values for the phase shift in moving frame with the assumption of no mixings. The results are in agreement with the kinematic suppression expected for higher partial waves.
